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A new novel six-degree of freedom
two-link manipulator using active
magnetic bearing: Design, kinematics,
and control

Mohamed Selmy1 , Mohamed Fanni1,
Abdelfatah M Mohamed1 and Tomoyuki Miyashita2

Abstract
Due to the absence of mechanical contact, active magnetic bearing can be electrically controlled in an accuracy of a
micrometer. This makes it a good choice to be used for robot manipulation in the micrometer scale, especially in
environments that need to be very clean, for example, surgery or clean rooms. Moreover, it can be used in the
applications that need high precision micromotion such as semiconductor wafers manipulation. Despite all these
benefits, there are few studies that have investigated the application of active magnetic bearing in the robotics field in
spotless environments for micromotion applications. This article proposes a new novel six-degree of freedom two-link
manipulator using two contactless joints with active magnetic bearing. The key design aspects of the proposed
manipulator are presented. The proposed manipulator is designed using finite element method. Each joint roll angle is
controlled using a PID-based feedback linearization controller, while a state feedback controller with integral term is
used for controlling the active magnetic bearing five-degree of freedom. The stability analysis of the system, under the
proposed controller, is carried out. The robustness of the controllers is tested against end effector payload variations.
The results demonstrate that the proposed two-link manipulator is feasible and valid for the applications in spotless
environments that need high precision accuracy micromotion control. These significant findings have indicated the
feasibility of implementing this proposed manipulator in practice and open the door for developing other types of
robots with complete contactless joints using active magnetic bearing.
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Introduction

Active magnetic bearing (AMB) uses electromagnetic

forces to levitate an object, typically a rotor without fric-

tion. It controls the rotor position with an accuracy of a

micrometer.1 AMB possess several remarkable advantages

compared to conventional bearing such as lubrication-free

operation, extended life, controllable bearing dynamic

properties, and frictionless operation.2 Thus, AMB is used
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in many industrial applications such as high-speed rotating

equipment, machine tool, machining spindle, vacuum

pumps or compressors, bearingless motors, artificial heart

pumps and flywheel-based energy-storage devices.3–5

Due to the absence of friction and lubrication, AMB can

be used in spotless environments like clean rooms, surgery

rooms, or vacuum chambers. Robots in these environments

must be free of any dust or oil generation sources. There-

fore, AMB is preferable to be used for the joints of that kind

of robots. Tasks in these environments such as silicon

wafers transfer for the electronic manufacturing need to

move the manipulator end effector with high precision

positioning control.

For the past decades, an apparent clear trend in using

AMB in robotics could be noticed. In Higuchi et al.,1 an

experimental study of using AMB in robot joints has been

made. A prototype of clean room parallel robot consists of

two-degree of freedom (2-DOF) and five joints was con-

structed. However, this study does not lead to a completely

contactless joints robot. In Tezuka et al., 6 a novel magne-

tically levitated motor consists of a five controlled DOFs

was investigated theoretically using AMB. A novel con-

tactless 6-DOF active robotic joint using AMB is presented

in Selmy et al.7 and developed in Selmy et al.8

Some research has been done to investigate the use of

robots in a clean environment for high positioning accuracy

applications. For instance, a clean compatible PA10-6C/7C

robotic arm is used for semiconductor wafer handling with

milli-scale positioning accuracy.9 However, their joints do

not have a magnetic bearing. Koichi Matsuda and Shinya

Kijimoto10 treat a disturbance cancellation problem for

minimizing the effects of reaction forces on position accu-

racy of a clean room robot applied with magnetic bearings.

However, the developed robot moves with only 3-DOF to

transfer a wafer among processing chambers.

A new design of a force-controlled end effector for

robotic polishing tasks is presented in Mohammad et al.11

The end effector has a polishing head with a linear coil

actuator to provide tool compliance using thrust bearing.

However, the polishing head of the end effector is driven by

geared AC motor and the bearing is of contact type. Other

studies of controlling robot arm movement in one-axis

direction and mobile robot arm position control are inves-

tigated in the study by Božek et al.,12 Turygin et al.13, and

Lozhkin et al.14

In a previous work, a 6-DOF robotic joint with AMB

was designed in the study by Selmy et al.7 Despite the good

performance of that joint, it suffers from limited workspace

of the end effector movement. Thus, to overcome these

limitations, a new two-link manipulator with two novel

contactless 6-DOF joints is proposed and developed in this

article. This system opens new applications area for AMB

in robotics, for example, robots used in clean environments

such as clean and surgery rooms, self-reconfiguration

robots, robots with selective compliance, industrial robots

for laser cutting or arc welding, and space robots.

The main contributions of this article are as follow:

(i) A new novel two-link manipulator, which utilizes

two novel contactless 6-DOF joints is designed.

(ii) A controller design to track the desired end effec-

tor 6-DOF trajectory for micromotion, with precise

stability analysis, is carried out.

The rest of this article is organized as follows. In section

“Description and design of the proposed system,” the

description and design of the proposed system are pre-

sented. The mathematical model including the dynamics

of the motor and AMB for each joint are derived and dis-

cussed in section “System dynamic model”. The forward

and inverse kinematics analysis of the novel system is ana-

lyzed in details in section “Kinematics”. Proper design of

the controllers for each joint is developed and stability

analysis of the controller is carried out in section “Control

design”. In section “Simulation study”, the performance of

the proposed manipulator is evaluated and its effectiveness

in micromotion scale applications is demonstrated. Finally,

the conclusions are presented in section “Conclusion”.

Description and design of the proposed
system

In this section, the two-link manipulator with the two con-

tactless active joints using AMB is described and designed

in detail.

System description

A schematic diagram of the proposed system is shown in

Figure 1. This system consists of two contactless 6-DOF

joints, each one has a frameless brushless DC (BLDC)

motor, two radial AMB, one axial AMB, a sensor for mea-

suring the motor shaft roll angle, position sensors to mea-

sure the AMBs air gap deviations and the controllers.

The two-link manipulator system block diagram is

shown in Figure 2. The actual end effector position and

orientation are computed using the data from each of

the two contactless joints motor roll angles sensors and

the AMB air gap deviations measurement sensors. The

controllers minimize the errors between these obtained

Figure 1. System schematic diagram.
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measurements and the desired ones by sending the suitable

control signals to the electromagnetic coils of AMB and

motors stators windings of each joint. This makes the AMB

actuating magnets produce suitable electromagnetic forces

and the motors produce suitable torques to maintain the end

effector at its desired position and orientation.

System design

Figure 3 shows the design process flowchart of the pro-

posed system. First, the closest joint to the end effector,

joint 2, is considered in the design process, then the other

joint, joint 1, is designed.

Load torque calculation. Considering the manipulator end

effector will pick a payload mp ¼ 0.1 Kg average mass

attached to an arm with 250 � 70 � 10 mm3 dimension,

ma ¼ 1.15 Kg mass, and 0.125 m C.G. Location. Figure 4

shows the load including arm and payload. This arm will be

attach to the motor shaft.

The maximum load Torque, TL2 max is calculated from

the following equation

TL2 max ¼ ð0:195 mp þ 0:090 maÞ g ð1Þ

As a result, the maximum load torque equals 1.2 Nm.

Selection of motor. According to the previous mentioned

calculated load torque, a frameless brushless direct

drive, 145STK 1M, Alxion BLDC motor15 is selected.

Motor main features are continuous torque of 8 Nm, a

speed of 1500 r/min, rotor diameter of 56 mm, and rotor

length of 59 mm. According to the rotor diameter and

rotor length, the shaft length is calculated and found to

be ¼ 310 mm.

AMB electromechanical design. In order to facilitate the

design of the electromagnetic coils of the radial AMBs, the

total weight to be carried by the two radial AMBs of joint 2

is calculated and it is found to be 5 Kg. Then, the total force

carried by the two radial bearings with 20% factor of safety

is 58.8 N.

Considering one of the two radial AMBs (the left radial

AMB), then the upper electromagnetic force f l1 should

compensate the lower force f l2 in addition to the half of

the total weight force at this bearing, then

f l1 ¼ f l2 þ
58:8

2
ð2Þ

f j ¼ K
ij

Do þ gj

 !2

1þ
2ðDo þ gjÞ

ph

� �
ð3Þ

Using equation (2) for f l2 ¼ 4.6 N, then f l1 ¼ 34. More-

over, if the nominal air gap length Do ¼ 1 mm N, air gap

variation gj ¼ 0, pole width h ¼ 40 mm, and the constant

K ¼ 6:9269 e�05 then in equation (3), the electromagnetic

Figure 2. System block diagram.

Figure 3. Design process flowchart.

Figure 4. Joint 2 load (arm and payload).
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coils currents at steady state are I l1 ¼ 0.7006 A and I l2 ¼
0.2577 A, where l1 and l2 refer to the upper left and lower

left directions, respectively.

A conventional eight-pole radial AMB which has the

geometry shown in Figure 5 is chosen.The radial AMB

design is developed to find the dimensions of the magnetic

actuator based on the maximum load capacity, a number of

poles and air gap length.16

The flowchart in Figure 6 illustrates the design proce-

dure of each eight-pole radial AMB. First, specify the max-

imum bearing force, rotor radius, the bearing number of

poles, pole angle and the air gap length as an initial step.

Then, the design procedure is followed and equations (4) to

(12) are used to obtain the dimensions of each of the radial

magnetic actuator16

NI ¼ 2DoB sat

�o

ð4Þ

N ¼ NI

I max

ð5Þ

Ac ¼
NI

JPf

ð6Þ

Rr ¼
R sh þ Do sinðqp

2
Þ

1� 2g sinð qp

2
Þ ð7Þ

Ag ¼
2�oF max

1

2
B2

satnp cosðqpÞ
ð8Þ

w ¼ 2ðRr þ DoÞ sin
qp

2

� �
ð9Þ

L ¼ Ag

w
ð10Þ

Rc ¼
Ac

ðRr þ DoÞ tanðqpÞ � w

2

þ Rr þ Do ð11Þ

Rs ¼ Rc þ w ð12Þ

where B sat, �o, I max, F max, J , Pf , R sh, qp, g, and np are

saturation magnetic flux density, permeability of free

space, maximum current, maximum force, wire thermal

limit, packing factor, shaft radius, pole angle, flux splitting

factor, and magnetic bearing number of poles, respectively.

Table 1 shows the magnetic actuator parameters and the

calculated radial AMB dimensions based on the total weight,

the dimension of the shaft, and the actuator geometry.

In order to meet the required thrust in the axial direction

of joint 2, an axial AMB is designed as shown in Figure 7.

The axial AMB consists of the housing parts wound by

coils, the disk part located between both of the housing

parts. The magnetic thrust force can be expressed by fol-

lowing equation17,18

Figure 5. Conventional eight-pole radial AMB. AMB: active
magnetic bearing.

Figure 6. Design procedure of eight pole radial AMB. AMB:
active magnetic bearing.
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Fa ¼ �o

Ni

2x

� �2

S ð13Þ

where S is the flux area in the air gap, Ro is the outer radius,

Ri is the inner radius, aw ¼ bw is the core’s thickness, and

wc is the housing’s width. Table 2 shows the dimension

results of the axial AMB.

The same previous steps (from “Load torque

calculation”, “Selection of motor”, and “AMB electrome-

chanical design” sections) of designing the radial and axial

AMBs of joint 2 are repeated for joint 1 design. The load of

joint 1 is the joint arm as well as the total weight of joint 2

including the BLDC motor, radial AMB, axial AMB, Sen-

sors, arm, payload, and the joint casing. Therefore, The

maximum load torque, TL1 max is calculated and its value

is 57 Nm. The suitable frameless brushless motor for this

load is 145STK 6M motor.15 The total weight (weight of

joint 2 and joint 1) to be carried by the two radial AMBs of

joint 1 is then calculated and found to be 39.8 Kg. Then, the

total force carried by the two radial bearings with 20%
factor of safety is 469 N. The steady-state electromagnetic

coils currents is then computed and found to be I l1 ¼ 1.858

A and I l2 ¼ 0.2577 A. Also, the axial AMB is designed to

meet the required thrust in the axial direction and its dimen-

sions are calculated. Tables 3 and 4 show the calculated

dimensions of the radial and axial AMBs of joint 1,

respectively.

System CAD model. The system is drawn using CATIA.19

Figure 8 shows the CAD model of joint 2 while Figure 9

shows joint 2 CAD model details. Figure 10 shows the

CAD model of the all system and Figure 11 shows

the details of joint 1. In this system, the robot arms with

the payloads as well as the rotating parts of the axial

magnetic bearing and the roll angle sensors are fixed to

the shafts using set screws.

System finite element analysis. The stress and deflection of the

system are studied using finite element method, and the

results will be illustrated in “Simulation study” section.

Checking system safety. In this step, calculated stress and

deflection values are compared with the maximum allow-

able stress of steel and the length of the air gap.

Table 1. Joint 2 radial AMB dimensions.

Design parameter Value

Maximum force, F max2 30 N
Maximum current, I max2 2 A
Shaft radius, R sh2 21 mm
Saturation magnetic flux density, B sat 1.2 T
Magnetic bearing number of poles, np2 8
Pole angle, qp2 22.5�

Wire thermal limit, J2 4–6 A/mm2

Flux splitting factor, g 1
Packing factor, Pf 0.5
Winding number of turns, N2 950 Turn
Pole Gap Area2, Ag2 18 � 40 mm2

Rotor radius, Rr2 35 mm
Stator radius, Rs2 125 mm

AMB: active magnetic bearing.

Figure 7. Axial AMB structure. AMB: active magnetic bearing.

Table 2. Joint 2 axial AMB dimensions.

Design parameter Value

Outer radius, Ro2 35 mm
Inner radius, Ri2 22 mm
Core’s thickness, aw2 ¼ bw2 2 mm
Housing’s width, wc2 8 mm
Axial force, Fa2 60 N
Winding number of turns, N2 270 Turn
Axial current, Ia2 1 A

AMB: active magnetic bearing.

Table 3. Joint 1 radial AMB dimensions.

Design parameter Value

Maximum force, F max1 235 N
Maximum current, I max1 4 A
Shaft radius, R sh1 23 mm
Saturation magnetic flux density, B sat 1.2 T
Magnetic bearing number of poles, np1 8
Pole angle, qp1 22.5�

Wire thermal limit, J1 4–6 A/mm2

Flux splitting factor, g 1
packing factor, Pf 0.5
Winding number of turns, N1 480 Turn
Pole Gap Area2, Ag1 15 � 40 mm2

Rotor radius, Rr1 38 mm
Stator radius, Rs1 128 mm

AMB: active magnetic bearing.
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System dynamic model

In this section, a multiple-input multiple-output (MIMO)

mathematical model of each joint of the system is

developed including detailed models for the BLDC motor

and the radial and axial AMBs. Moreover, the model of

AMB is linearized around the equilibrium point.

BLDC motor dynamic model

Frameless brushless direct drive DC motor is used in this

system. This type of motors has the advantages of having no

contact part, no gearbox, and compatibility with AMB. The

stator windings equations in terms of motor electrical con-

stants for three-phase, star-connected BLDC motor20 are

va

vb

vc

2
64

3
75 ¼

R 0 0

0 R 0

0 0 R

2
64

3
75

ia

ib

ic

2
64

3
75þ L

d

dt

ia

ib

ic

2
64

3
75þ

ea

eb

ec

2
64

3
75
ð14Þ

L ¼
Ls � Lm 0 0

0 Ls � Lm 0

0 0 Ls � Lm

2
64

3
75 ð15Þ

Table 4. Joint 1 axial AMB dimensions.

Design parameter Value

Outer radius, Ro1 38 mm
Inner radius, Ri1 24 mm
Core’s thickness, aw1 ¼ bw1 4 mm
Housing’s width, wc1 12 mm
Axial force, Fa1 470 N
Winding number of turns, N1 175 Turn
Axial current, Ia1 2 A

AMB: active magnetic bearing.

Figure 8. Architecture of joint 2.

Figure 9. CAD details of joint 2.

Figure 10. Architecture of the all system.

Figure 11. CAD details of joint 1.
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Te ¼
eaia þ ebib þ ecic

!m

ð16Þ

ea ¼ f aðqrÞlp!m; eb ¼ f bðqrÞlp!m; ec ¼ f cðqrÞlp!m

ð17Þ

lp ¼ Kp

P

2
ð18Þ

Te � Tl ¼ Jm

d!m

dt
þ bf !m ð19Þ

T l ¼ ML2
a

d€�

dt2
þMgLa cosð�Þ ð20Þ

!m ¼
d�

dt
¼ 2

P
!r ¼

2

P

dqr

dt
ð21Þ

where Ls and Lm are the self inductance and mutual

inductance per phase, respectively, and they are assumed

to be equal for all phases. The functions f aðqrÞ, f bðqrÞ,
and f cðqrÞ have the same shape as ea, eb, and ec with a

maximum magnitude of +1. bf is the motor friction

coefficient, Jm is the motor shaft inertia, M is the arm

and its payload equivalent mass, T l is the load electro-

magnetic torque, lp is the motor induced electromotive

force (EMF) voltage constant, � is the mechanical roll

angle (the rotor angle about X axis).

Figure 12 shows the block diagram of the BLDC

motor control system. The joint roll angle is measured

and compared with that of the desired trajectory �d . The

roll angle error is controlled through the proportional–

integral–derivative (PID)-based feedback linearization

controller to provide the required reference torque

Te� ref . The stator three-phase reference currents are cal-

culated using equation (16) for a value of torque equals

the reference torque. Besides, it is compared with their

respective actual values. The three-phase currents errors

are controlled using a P controller and a pulse width

modulation is used to generate the suitable switching

signals for the inverter semiconductor switches.

AMB dynamic model

Dynamic equations of motion. Figure 13 shows an AMB of

horizontal shaft type, it consists of two radial AMBs and

one axial AMB. Both of the radial AMBs control the hor-

izontal, vertical, pitch, and yaw motions. The axial AMB

controls the axial linear motion. The dynamic equations of

this system are given as follows21,22

� Axial direction:

linear motion

m€x ¼ �bx� 2ga _xþ f la � f ra ð22Þ

� Radial direction:

Horizontal linear motion

m€y ¼ f l3 � f l4 þ f r3 � f r4 � f LH � f RH ð23Þ

Figure 12. BLDC motor model block diagram. BLDC: brushless DC.

Figure 13. Horizontal shaft AMB diagram. AMB: active magnetic
bearing.
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Vertical linear motion

m€z ¼ f l2 � f l1 þ f r2 � f r1 þ mg � f LV � f RV ð24Þ

Pitching rotational motion

Jy
€q ¼ �!rJ x

_ þ ðf l1 � f l2 þ f r2 � f r1 � f LV � f RV Þl
ð25Þ

Yawing rotational motion

Jy
€ ¼ !rJ x

_qþ ðf l3 � f l4 þ f r4 � f r3 � f LH � f RH Þl
ð26Þ

� Electromagnetic coil voltage equation

ej ¼ LC

dij

dt
þ RCij ð27Þ

where j ¼ l1 . . . l4; r1 . . . r4.

f LV ,f RV ,f LH , and f RH are the two radial bearings forces

due to the centrifugal force of the robot arm and its payload

in the vertical and horizontal directions.

The centrifugal force in the vertical direction is given as

follows

FV ¼ MLa!
2
m sin� ð28Þ

The centrifugal force in the horizontal direction is given

as follows

FH ¼ MLa!
2
m cos� ð29Þ

The forces f LV ,f RV ,f LH and f RH are calculated as follow

f RH ¼
L1

L2

FH ð30Þ

f LH ¼ f RH þ FH ð31Þ

f RV ¼
L1

L2

FV ð32Þ

f LV ¼ f RV þ FV ð33Þ

where L1 is the distance from the robot arm to the left AMB

and L2 is the distance between the two radial AMBs.

� The air gap displacement, gj is expressed as follow:

gj ¼ Do þ g0j, where Do is the air gap length at equili-

brium, and g0j is the air gap deviation which is expressed in

terms of y, z, q and  , coordinates of the rotor mass center,

as follow

g0l1
g0r1

g0l3
g0r3

2
6664

3
7775 ¼ �

g0l2
g0r2

g0l4
g0r4

2
6664

3
7775 ¼

z� lq
zþ lq
�y� l 

�yþ l 

2
6664

3
7775 ð34Þ

where g0l1, g0l3, g0r1, and g0r3 represent the air gap deviation

at the left AMB in vertical direction, horizontal direction,

and right AMB in vertical direction, horizontal direction,

respectively. It is obvious that the axial direction linear

motion can be controlled separately.

State variable representation. The state variable representa-

tion of radial AMB is given in “Appendix 1: State space

representation of AMB.” The 4-DOF radial motion is

represented by a MIMO nonlinear system with 16 states,

8 inputs (electromagnetic coil voltages), and 4 outputs

(air gap deviations). The 1-DOF axial motion is repre-

sented by a multi input single output nonlinear system

with 4 states, 2 inputs (electromagnetic coil voltages),

and 1 outputs (air gap deviation). The 4-DOF system is

linearized around the equilibrium point and the following

linearized model is obtained, where Ar, Br, and Cr

matrices of the system are given in “Appendix 2: AMB

model linearization”23

_x ¼ Ar xþ Br u ð35Þ

y ¼ Cr x ð36Þ

In a similar way, the state variable representation and

the linearized model for the axial linear motion is

obtained and are given in the same previous mentioned

appendices.

Kinematics

In Figure 14, the end effector position, and orientation of

the two-link manipulator are controlled by controlling the

joint angle and the air gap lengths of the AMBs in radial

and axial directions of the two contactless joints.

The relation between the end effector position; transla-

tion (xe, ye, ze) and rotation (�e, qe,  e) on one hand and the

two contactless joints angles and the air gap lengths, on the

other hand, is addressed in the following forward and

inverse kinematics subsections.

Figure 14. Frames location on the proposed robotic joint.
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Forward kinematics

The reference frame f 0(x0, y0, z0) is attached to the fixed casing

of joint 1, while frame f 1(x1, y1, z1) is attached to the motor

shaft of joint 1 and located at half of the distance between the

right and left radial AMBs. The two frames, f 0 and f 1, coincide

on each other at equilibrium position (zero air gap deviations).

Frame f 2(x2, y2, z2) is attached to the fixed casing of

joint 2, while frame f 3(x3, y3, z3) is attached to the motor

shaft of joint 2 and both of them are located at half of the

distance between the right and left radial AMBs. The two

frames, f 2 and f 3, coincide on each other at equilibrium

position. Frame f 4(x4, y4, z4) is attached to the end effector.

The relation between frames f 3 and f 4 is determined

from the following matrix

3H 4 ¼

1 0 0 3x4

0 1 0 3y4

0 0 1 3z4

0 0 0 1

2
66664

3
77775 ð37Þ

where 3x4, 3y4, and 3z4 are constants lengths.

The relation between frames f 2 and f 3 is determined as

follows:

Knowing the air gap deviations of the radial AMBs of

joint 2, (g0l12
, g0l32

, g0r12
and g0r32

) then, equation (34) can

be solved, for joint 2, to obtain y2, z2, q2 and  2.

The rotation matrix of frame f 3 w.r.t. frame f 2, 2R3 is

obtained from the following equation

2R3 ¼ Rz; 2
� Ry;q2

� Rx;�2
ð38Þ

2R3 ¼
c 2

cq2
c 2

s�2
sq2
� c�2

s 2
s�2

s 2
þ c�2

c 2
sq2

cq2
s 2

c�2
c 2
þ s�2

s 2
sq2

c�2
s 2

sq2
� c 2

s�2

�sq2
cq2

s�2
c�2

cq2

2
64

3
75 ð39Þ

Then, the relation between frames f 2 and f 3 is determined from the following matrix

2H 3 ¼

c 2
cq2

c 2
s�2

sq2
� c�2

s 2
s�2

s 2
þ c�2

c 2
sq2

g0la2

cq2
s 2

c�2
c 2
þ s�2

s 2
sq2

c�2
s 2

sq2
� c 2

s�2
y2

�sq2
cq2

s�2
c�2

cq2
z2

0 0 0 1

2
66664

3
77775 ð40Þ

where g0la2
is the air gap deviation in the axial direction of joint 2. Thus, the relation between frames f 2 and f 4 is

determined from the following equation

2H 4¼2H 3�3H 4 ð41Þ

Also, the relation between frames f 1 and f 2 is determined from the following matrix

1H 2 ¼

1 0 0 1x2

0 1 0 1y2

0 0 1 1z2

0 0 0 1

2
66664

3
77775 ð42Þ

where 1x2, 1y2, and 1z2 are constants lengths.

The relation between frames f 0 and f 1 is determined as follows:

Knowing the air gap deviations of the radial AMBs of joint 1, (g0l11
, g0l31

, g0r11
and g0r31

) then, equation (34) can be

solved, for joint 1, to obtain y1, z1, q1 and  1.

The rotation matrix of frame f 1 w.r.t. frame f 0, 0R1 is obtained from the following equation

0R1 ¼ Rz; 1
� Ry;q1

� Rx;�1
ð43Þ

0R1 ¼
c 1

cq1
c 1

s�1
sq1
� c�1

s 1
s�1

s 1
þ c�1

c 1
sq1

cq1
s 1

c�1
c 1
þ s�1

s 1
sq1

c�1
s 1

sq1
� c 1

s�1

�sq1
cq1

s�1
c�1

cq1

2
64

3
75 ð44Þ
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Then, the relation between frames f 0 and f 1 is determined from the following matrix

0H 1 ¼

c 1
cq1

c 1
s�1

sq1
� c�1

s 1
s�1

s 1
þ c�1

c 1
sq1

g0la1

cq1
s 1

c�1
c 1
þ s�1

s 1
sq1

c�1
s 1

sq1
� c 1

s�1
y1

�sq1
cq1

s�1
c�1

cq1
z1

0 0 0 1

2
66664

3
77775 ð45Þ

where g0la1
is the air gap deviation in the axial direction of

joint 1. The relation between frames f 0 and f 2 is deter-

mined from the following equation

0H 2¼0H 1�1H 2 ð46Þ

Finally, using equations (41) and (46), the relation

between frames f 0 and f 4 is determined from the following

equation

0H 4¼0H 2�2H 4 ð47Þ

Thus, if the sensors data of the roll angle and the air gap

deviations of the AMBs for each joint of the manipulator

are given, then the end effector position and orientation can

be obtained using forward kinematics equations.

Inverse kinematics

If the end effector has to move for a certain task, then its

target position and orientation (xe, ye, ze, �e, qe,  e are

known. Then, 0H 4 can be determined from the following

equation

0H 4 ¼

c e
cqe

c e
s�e

sqe
� c�e

s e
s�e

s e
þ c�e

c e
sqe

xe

cqe
s e

c�e
c e
þ s�e

s e
sqe

c�e
s e

sqe
� c e

s�e
ye

�sqe
cqe

s�e
c�e

cqe
ze

0 0 0 1

2
66664

3
77775 ð48Þ

Afterward, for a chosen g0la2
, y2, z2, �2, q2, and  2 of joint

2, one can get g0l12
, g0r12

, g0l32
, and g0r32

from equation (34)

and the required joint roll angle and the air gap deviations of

AMB of joint 2 are obtained. Then, equation (41) is used to

obtain 2H 4. After that, using equation (47), 0H 2 is determined.

Then, from equation (46) we get 0H 1. Then, using equa-

tion (45), one can get g0la1
, y1, z1, �1, q1, and  1 of joint 1.

Finally, from equation (34), we can get g0l11
, g0r11

, g0l31
,

and g0r31
. Thus, the required joint roll angle and the air gap

deviations of AMB of joint 1 are obtained.

Control design

Control objectives

In order to control the end effector position, each joint roll

angle is controlled using a PID-based feedback lineariza-

tion method. In addition, the air gap lengths of the AMBs in

the horizontal, vertical, and axial directions are controlled

to be at the desired values using a state feedback controller

with integral term.

PID-based feedback linearization

For the PID-based feedback linearization controller,24

equations (19) and (20) are used to get the following con-

trol input that cancels out the nonlinearities

Te ¼ Jm þML2
a

P

2

� �
U � þMgLa cosð�Þ þ bf !m ð49Þ

U � ¼ €�d þ Kpeþ Kd _eþ Ki

ðt
0

e dt ð50Þ

where �d is the desired robot joint angle and Kp, Ki, and Kd

are the controller parameters.

The integral term is added to ensure robustness of the

controller for payload variation. The objective of the control-

ler is to minimize the error, e¼ �d � �. In addition, the three-

phase currents errors are controlled using P controller.20

State feedback controller

The five air gap deviations of the two radial AMBs, of each

joint, in radial and axial directions are controlled using state

feedback controllers with integral term. The optimal state

feedback gains are calculated by knowing all the states of

the system using Linear-Quadratic Regulator (LQR).25

In particular, for a certain required position and orienta-

tion of the end effector, the controllers obtain the actual air

gap lengths of the 5-DOF AMBs and the actual roll angle

from the sensors of each joint. Then, the controllers mini-

mize the error between these values and the desired ones to

achieve the required pose of the end effector.
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Stability analysis

To simplify the analysis, let us study the stability of linear-

ized 1-DOF axial motion, given in “Axial motion” section

in Appendix 2. Using Routh Hurwitz stability criterion,26

the necessary and sufficient conditions for stability are

3:2 e14 KI > 0 ð51Þ

3:5 K3 þ 38:0 > 0 ð52Þ

KA �
3:2e14 K1 þ 7:6e16 K 3 þ 8:1e17

3:5 K3 þ 38:0
> 0 ð53Þ

KB �
1:4e24 KI ð7:0 K3 þ 76:0Þ2

2:1e26 K2 � 5:5e24 K1 � 1:7e25 K 3 þ KC

> 0

ð54Þ

where

KA ¼ 3:2e14 K2 þ 0:57 K3 þ 2:2e16 ð55Þ

KB ¼ 3:2e14 K1 þ 7:6e16 K3 þ 8:1e17 ð56Þ

KC ¼ 3:4e10 K2
3 þ 1:9e25 K 2 K3 þ 4:5e26 ð57Þ

Moreover, equations (53) and (54) are solved using the

method explained in Al-Salem et al.27 to obtain K1 and K2.

From the above equations, and as a result, we found that

the stability is guaranteed when the following conditions

are satisfied

K 2 > 0 ð58Þ

K3 >
�38:0

3:5
ð59Þ

KI > 0 ð60Þ

where K1, K2, and K3 are the state feedback controller

gains and KI is the integral term gain.

Simulation study

System finite element analysis

A study of the system is carried by CATIA design software

using radial AMBs for joint 2 and joint 1 whose parameters

are given in Tables 5 and 6 in respective order. This study is

developed at the case where a robot arm is in a vertical

position and at the worst loading condition when the robot

arm is at a horizontal position. The system is studied under

its weight effect as a result of the low speed of the robot

joint.

Figure 15 shows the stress analysis of the system for a

vertical position robot arm, and the maximum stress is

0.273 MPa. Figure 16 shows the deformation analysis of

the system in the same case, and the maximum deforma-

tion is 0.331 . Figure 17 shows the stress analysis of the

system at worst case, and the maximum stress is 0.557

MPa. Figure 18 shows the deformation analysis of the

system in the same case, and the maximum deformation

is 1.2 mm.

The above finite element study proves that the obtained

value of stress is safe compared with the allowable stress

Table 5. Joint 2 AMB parameters.

Parameter Value Parameter Value

M 5 Kg Jx 0.021 Kg�m2

Jy 0.054 Kg�m2 l 0.0685 m
Il1;r1 0.7006 A Il2::l4;r2::l4 0.2577 A
Do 1 mm b 1066 N/m
ga 0.403 N�S/m

AMB: active magnetic bearing.

Table 6. Joint 1 AMB parameters.

Parameter Value Parameter Value

M 39.8 Kg Jx 0.391 Kg�m2

Jy 0.967 Kg�m2 l 0.1405 m
Il1;r1 1.858 A Il2::l4;r2::l4 0.2577 A
Do 1 mm b 1066 N/m
ga 0.403 N�S/m

AMB: active magnetic bearing.

Figure 15. System stress analysis at vertical position.

Figure 16. System deformation analysis at vertical position.
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value of steel, and the obtained value of displacement is

much less than the air gap length which is 1 mm.

System simulation analysis

The BLDC motor parameters are given in Table 7 for joint

2 and Table 8 for joint 1. The system and its controllers

represented by equations (14) to (50) are all simulated

using MATLAB/Simulink.28

In order to control the end effector position and orienta-

tion of the proposed two-link manipulator to be, for

example, at (xe, ye, ze) ¼ (�250 mm, 100 mm, �150 mm)

and (�e, qe,  e) ¼ (30 �, �125� �, �225� �), considering

macro positioning of the joint roll angle, �e ¼ 30�, equa-

tion (34) and equation (37) to equation (48) are used to

obtain the required robot joint roll angles (�2) and the air

gap deviations of the radial and axial motions (g0l12
, g0r12

,

g0l32
, g0r32

, g0la2
) of joint 2 as well as (�1) and (g0l11

, g0r11
,

g0l31
, g0r31

, g0la1
) of joint 1.

Thus, for the above required position and orientation of

the end effector, (g0l12
, g0r12

, g0l32
, g0r32

, g0la2
, �2), of joint

2, are found to be ¼ (�149.79 �m, �150.16 �m, �99.64

�m, �100.31 �m, �250 �m, 30�) and (g0l11
, g0r11

, g0l31
,

g0r31
, g0la1

, �1), of joint 1, are found to be ¼ (250 �m, 250

�m, 200 �m, 200 �m, 0 �m, 0�).
The controller then uses these obtained desired values of

joint angles and the air gap deviations of the radial and

axial motions to achieve the desired pose of the end effec-

tor. The results of the end effector position and orientation

at no payload and for payload 1 of 0.1 kg and payload 2 of

0.2 kg are shown in Figures 19 to 24.

Results and discussion

It is noticed that the obtained figures show a slightly and

acceptable change between the reference and actual values

at the different values of payloads. Moreover, it is possible

Figure 17. System stress analysis at horizontal position.

Figure 18. System deformation analysis at horizontal position.
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Figure 19. End effector roll angle, �e.

Table 7. Joint 2 BLDC motor parameters.

Parameter Value

Rated speed, nm2 1500 r/min
Rated torque, Te2 8 Nm
Phase resistance, R2 7.9 O
Phase inductance, L2 25.8 mH
Poles number, P2 12
Back EMF constant, Kp2 3.13 V�S/rad
Inertia, Jm2 0.0008 Kg�m2

BLDC: brushless DC.

Table 8. Joint 1 BLDC motor parameters.

Parameter Value

Rated speed, nm1 500 r/min
Rated torque, Te1 67.6 Nm
Phase resistance, R1 3.46 �
Phase inductance, L1 28.2 mH
Back EMF constant, Kp1 4.78 V�S/rad
Inertia, Jm1 0.00319 Kg�m2

BLDC: brushless DC.
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to recognize that the performance of the proposed manip-

ulator is acceptable and the effectiveness of it in micromo-

tion scale applications is achieved.

Conclusion

In this article, a two-link manipulator with two novel con-

tactless 6-DOF joints is proposed. Description and design

of the presented system are introduced. The radial and axial

AMBs of each joint are designed in details. The stress and

deflection of the system are calculated using FEA method

and they are safe with respect to the maximum allowable

steel stress and the air gap length. Mathematical modeling

and system kinematics are carried out. For each joint, PID-

based feedback linearization controller is designed to con-

trol the joint roll angle and a state feedback controller with

an integral term is designed for controlling the AMB air
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Figure 20. End effector pitch angle, qe.
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Figure 21. End effector yaw angle,  e.
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Figure 22. End effector axial motion, xe.
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Figure 23. End effector horizontal motion, ye.
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Figure 24. End effector vertical motion, ze.

Selmy et al. 13



gap lengths. Stability of the controller is analyzed. The

system with designed controllers has good performance and

valid even if the payload is changed. Simulation results

enlighten the feasibility of the proposed system and the effi-

ciency of the end effector micromotion control. This pro-

posed type of manipulator opens new application area for

robotics. Such applications are clean and surgery rooms used

in clean environments, self-reconfiguration robots, robots

with selective compliance, industrial robots for laser cutting

or arc welding, and space robots. As a future work, the

proposed manipulator system will be tested experimentally.
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Appendix 1

State space representation of AMB

Radial motion. Considering the radial motion, equation (34)

is rewritten as follow

g ¼ cgz z ð1AÞ

where

g ¼

g0l1
g0r1

g0l3
g0r3

2
6664

3
7775 ð1BÞ

cgz ¼

0 1 �l 0

0 1 l 0

�1 0 0 �l

�1 0 0 l

2
6664

3
7775 ð1CÞ

z ¼

y

z

q
 

2
6664

3
7775 ð1DÞ

Also

€g ¼ cgz €z ð1EÞ

Using equation (1E), equations (23) to (26) can be

rewritten to be in the following form

€g ¼

�!r J x

2J y

ð _g0l3 � _g0r3Þ
!r J x

2J y

ð _g0l3 � _g0r3Þ
!r J x

2J y

ð _g0l1 � _g0r1Þ
�!r J x

2J y

ð _g0l1 � _g0r1Þ

2
666666664

3
777777775
þ D f þ D FR ð1FÞ

where

D ¼

�H 1 H 2 0 0

H 2 �H 1 0 0

0 0 �H 1 H 2

0 0 H 2 �H 1

2
664

3
775 ð1GÞ

H 1 ¼
l2

Jy

þ 1

m
ð1HÞ

H 2 ¼
l2

Jy

� 1

m
ð1IÞ

f ¼

f l1 � f l2 � 1
2

m g

f r1 � f r2 � 1
2

m g

f l3 � f l4

f r3 � f r4

2
666664

3
777775 ð1JÞ

FR ¼

f LV

f RV

f LH

f RH

2
6664

3
7775 ð1KÞ

Let the inputs

uj ¼ ej ð1LÞ

where j ¼ l1; l2; r1; r2; l3; l4; r3; r4.

The system states are defined as follows

x1 ¼ g0l1; x2 ¼ g0r1; x3 ¼ g0l3; x4 ¼ g0r3 ð1MÞ

x5 ¼ _g0l1; x6 ¼ _g0r1; x7 ¼ _g0l3; x8 ¼ _g0r3 ð1NÞ

x9 ¼ il1; x10 ¼ il2; x11 ¼ ir1; x12 ¼ ir2;

x13 ¼ il3; x14 ¼ il4; x15 ¼ ir3; x16 ¼ ir4

ð1OÞ

Then, using equations (1F) and (27), the radial motion

can be described by the following set of first order non-

linear differential equations

_x1 ¼ x5; _x2 ¼ x6; _x3 ¼ x7; _x4 ¼ x8 ð1PÞ

_x5 ¼
�!r J x

2Jy

ðx7 � x8Þ � H 1

�
f l1 � f l2 �

1

2
m g

�

þ H 2

�
f r1 � f r2 �

1

2
m g

�
� H 1 f LV þ H 2 f RV

ð1QÞ
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_x6 ¼
!r J x

2Jy

ðx7 � x8Þ þ H 2

�
f l1 � f l2 �

1

2
m g

�

� H 1

�
f r1 � f r2 �

1

2
m g

�
þ H 2 f LV � H 1 f RV

ð1RÞ

_x7 ¼
!r J x

2Jy

ðx5 � x6Þ � H 1

�
f l3 � f l4 �

1

2
m g

�

þ H 2

�
f r3 � f r4 �

1

2
m g

�
� H 1 f LH þ H 2 f RH

ð1SÞ

_x8 ¼
�!r J x

2Jy

ðx5 � x6Þ þ H 2

�
f l3 � f l4 �

1

2
m g

�

� H 1

�
f r3 � f r4 �

1

2
m g

�
þ H 2 f LH � H 1 f RH

ð1TÞ

_x9 ¼
1

LC

ðu1 � RC x9Þ ð1UÞ

_x10 ¼
1

LC

ðu2 � RC x10Þ ð1VÞ

_x11 ¼
1

LC

ðu3 � RC x11Þ ð1WÞ

_x12 ¼
1

LC

ðu4 � RC x12Þ ð1XÞ

_x13 ¼
1

LC

ðu5 � RC x13Þ ð1YÞ

_x14 ¼
1

LC

ðu6 � RC x14Þ ð1ZÞ

_x15 ¼
1

LC

ðu7 � RC x15Þ ð1aÞ

_x16 ¼
1

LC

ðu8 � RC x16Þ ð1bÞ

The electromagnetic forces f l1, f l2, f r1, f r2, f l3, f l4, f r3,

f r4 are expressed in terms of the states as follow

f l1 ¼ K2

x9

Do þ x1

� �2

1þ 2ðDo þ x1Þ
ph

� �
ð1cÞ

f l2 ¼ K2

x10

Do � x1

� �2

1þ 2ðDo � x1Þ
ph

� �
ð1dÞ

f r1 ¼ K2

x11

Do þ x2

� �2

1þ 2ðDo þ x2Þ
ph

� �
ð1eÞ

f r2 ¼ K2

x12

Do � x2

� �2

1þ 2ðDo � x2Þ
ph

� �
ð1fÞ

f l3 ¼ K2

x13

Do þ x3

� �2

1þ 2ðDo þ x3Þ
ph

� �
ð1gÞ

f l4 ¼ K2

x14

Do � x3

� �2

1þ 2ðDo � x3Þ
ph

� �
ð1hÞ

f r3 ¼ K2

x15

Do þ x4

� �2

1þ 2ðDo þ x4Þ
ph

� �
ð1iÞ

f r4 ¼ K2

x16

Do � x4

� �2

1þ 2ðDo � x4Þ
ph

� �
ð1jÞ

It can be seen from equations (1P) to (1j) that the 4-DOF

radial motion is a MIMO system with 16 states, 8 inputs,

and 4 outputs.

Axial motion. Considering the axial motion, equation (22) is

represented in state variable form as follows: Let the inputs

uj ¼ ej ð1kÞ

where j ¼ la; ra.

The system states are defined as follows

x1 ¼ g0la ð1lÞ

x2 ¼ _g0la ð1mÞ

x3 ¼ ila; x4 ¼ ira ð1nÞ

Then, using equations (22) and (27), the axial motion

can be described by the following set of first order non-

linear differential equations

_x1 ¼ x2 ð1oÞ

_x2 ¼
1

m
ð�2ga x2 � b x1 þ f la � f raÞ ð1pÞ

_x3 ¼
1

LC

ðu1 � RC x3Þ ð1qÞ

_x4 ¼
1

LC

ðu2 � RC x4Þ ð1rÞ

The electromagnetic forces f la, f ra are expressed in

terms of the states as follows

f la ¼ K2

x3

Do þ x1

� �2

1þ 2ðDo � x1Þ
ph

� �
ð1sÞ

f ra ¼ K 2

x4

Do � x1

� �2

1þ 2ðDo � x1Þ
ph

� �
ð1tÞ

It can be seen from equations (1o) to (1t) that the 1-DOF

axial motion is a multi input single output system with 4

states, 2 inputs and 1 output.
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Appendix 2

AMB model linearization

The AMB nonlinear model is linearized at the equilibrium

point using Jacobi matrix, Newton’s method.

Radial motion. The following linearized model is obtained

for the 4-DOF radial motion

_x ¼ Ar xþ Br u ð2AÞ

Taking the air gap deviations as output variables, the

output equation can be written as

y ¼ Cr x ð2BÞ

where

Ar ¼

@f 1

@x1

@f 1

@x2

@f 1

@x3

. . .
@f 1

@x16

@f 2

@x1

@f 2

@x2

@f 2

@x3

. . .
@f 2

@x16

..

. ..
. ..

. . .
. ..

.

@f 16

@x1

@f 16

@x2

@f 16

@x3

. . .
@f 16

@x16

2
6666666666664

3
7777777777775

ð2CÞ

where, f i¼ _xi, i ¼ 1 to 16

Br ¼

@f 1

@u1

@f 1

@u2

@f 1

@u3

. . .
@f 1

@u8

@f 2

@u1

@f 2

@u2

@f 2

@u3

. . .
@f 2

@u8

..

. ..
. ..

. . .
. ..

.

@f 16

@u1

@f 16

@u2

@f 16

@u3

. . .
@f 16

@u8

2
6666666666664

3
7777777777775

ð2DÞ

Cr ¼ ½ 14�4 04�12� ð2EÞ

After linearization of the system at the equilibrium

point, the final forms of matrices A and B are as follows

Ar ¼
04�4 I4�4 04�8

A14�4 A24�4 A34�8

08�8 A48�4 A58�4

2
64

3
75 ð2FÞ

Br ¼
1

LC

0 01�4 01�3

1 01�4 01�3

0 1 01�6

01�2 1 01�5

01�3 1 01�4

01�4 1 01�3

01�5 1 01�2

01�6 1 0

01�6 0 1

2
66666666666666664

3
77777777777777775

ð2GÞ

where

A14�4 ¼

að5;1Þ að5;2Þ 0 0

að6;1Þ að6;2Þ 0 0

0 0 að7;3Þ að7;4Þ
0 0 að8;3Þ að8;4Þ

2
664

3
775 ð2HÞ

A24�4 ¼

0 0 að5;7Þ að5;8Þ
0 0 að6;7Þ að6;8Þ

að7;5Þ að7;6Þ 0 0

að8;5Þ að8;6Þ 0 0

2
664

3
775 ð2IÞ

A34�8 ¼

að5;9Þ að5;10Þ að5;11Þ að5;12Þ 01�4

að6;9Þ að6;10Þ að6;11Þ að6;12Þ 01�4

01�4 að7;13Þ að7;14Þ að7;15Þ að7;16Þ
01�4 að8;13Þ að8;14Þ að8;15Þ að8;16Þ

2
664

3
775 ð2JÞ

A48�4 ¼
diagðað9;9Þ; að10;10Þ; að11;11Þ; að12;12ÞÞ

04�4

� �
ð2KÞ

A58�4 ¼
04�4

diagðað13;13Þ; að14;14Þ; að15;15Þ; að16;16ÞÞ

� �
ð2LÞ

að5;1Þ ¼ �c1 ððc3 � c4 � c5Þ x2
9 � ð�c3 þ c4 þ c5Þ x2

10Þ
ð2MÞ

að5;2Þ ¼ c2 ððc3 � c4 � c5Þ x2
11 � ð�c3 þ c4 þ c5Þ x2

12Þ
ð2NÞ

að5;7Þ ¼
�!r J x

2Jy

ð2OÞ

að5;8Þ ¼
!r J x

2Jy

ð2PÞ

að5;9Þ ¼ ð�2c6 � 4c7Þ x9 ð2QÞ

að5;10Þ ¼ ð2c6 þ 4c7Þ x10 ð2RÞ

að5;11Þ ¼ ð2c8 þ 4c9Þ x11 ð2SÞ

að5;12Þ ¼ ð�2c8 � 4c9Þ x12 ð2TÞ

að6;1Þ ¼ c2 ððc3 � c4 � c5Þ x2
9 � ð�c3 þ c4 þ c5Þ x2

10Þ
ð2UÞ

að6;2Þ ¼ �c1 ððc3 � c4 � c5Þ x2
11 � ð�c3 þ c4 þ c5Þ x2

12Þ
ð2VÞ

að6;7Þ ¼
!r J x

2Jy

ð2WÞ

að6;8Þ ¼
�!r J x

2Jy

ð2XÞ

að6;9Þ ¼ ð2c8 þ 4c9Þ x9 ð2YÞ

að6;10Þ ¼ ð�2c8 � 4c9Þ x10 ð2ZÞ

að6;11Þ ¼ ð�2c6 � 4c7Þ x11 ð2aÞ
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að6;12Þ ¼ ð2c6 þ 4c7Þ x12 ð2bÞ

að7;3Þ ¼ �c1 ððc3 � c4 � c5Þ x2
13 � ð�c3 þ c4 þ c5Þ x2

14Þ
ð2cÞ

að7;4Þ ¼ c2 ððc3 � c4 � c5Þ x2
15 � ð�c3 þ c4 þ c5Þ x2

16Þ
ð2dÞ

að7;5Þ ¼
!r J x

2Jy

ð2eÞ

að7;6Þ ¼
�!r J x

2Jy

ð2fÞ

að7;13Þ ¼ ð�2c6 � 4c7Þ x13 ð2gÞ

að7;14Þ ¼ ð2c6 þ 4c7Þ x14 ð2hÞ

að7;15Þ ¼ ð2c8 þ 4c9Þ x15 ð2iÞ

að7;16Þ ¼ ð�2c8 � 4c9Þ x16 ð2jÞ

að8;3Þ ¼ c2 ððc3 � c4 � c5Þ x2
13 � ð�c3 þ c4 þ c5Þ x2

14Þ
ð2kÞ

að8;4Þ ¼ �c1 ððc3 � c4 � c5Þ x2
15 � ð�c3 þ c4 þ c5Þ x2

16Þ
ð2lÞ

að8;5Þ ¼
�!r J x

2Jy

ð2mÞ

að8;6Þ ¼
!r J x

2Jy

ð2nÞ

að8;13Þ ¼ ð2c8 þ 4c9Þ x13 ð2oÞ

að8;14Þ ¼ ð�2c8 � 4c9Þ x14 ð2pÞ

að8;15Þ ¼ ð�2c6 � 4c7Þ x15 ð2qÞ

að8;16Þ ¼ ð2c6 þ 4c7Þ x16 ð2rÞ

að9;9Þ ¼
�RC

LC

ð2sÞ

að9;9Þ ¼ að10;10Þ ¼ að11;11Þ ¼ að12;12Þ

¼ að13;13Þ ¼ að14;14Þ ¼ að15;15Þ ¼ að16;16Þ
ð2tÞ

c1 ¼ H 1 K2 ð2uÞ

c2 ¼ H 2 K2 ð2vÞ

c3 ¼
2

p h Do

ð2wÞ

c4 ¼
2

D3
o

ð2xÞ

c5 ¼
4

p h D2
o

ð2yÞ

c6 ¼
c1

D2
o

ð2zÞ

c7 ¼
c1

p h Do

ð2A0Þ

c8 ¼
c2

D2
o

ð2B0Þ

c9 ¼
c2

p h Do

ð2C0Þ

Axial motion. The following linearized model is obtained for

the 1-DOF axial motion:

_x ¼ Aa xþ Ba u ð2D0Þ

Taking the axial air gap deviation as output variable, the

output equation can be written as:

y ¼ Ca x ð2E0Þ

where

Aa ¼

@f 1

@x1

@f 1

@x2

@f 1

@x3

@f 1

@x4

@f 2

@x1

@f 2

@x2

@f 2

@x3

@f 2

@x4

@f 3

@x1

@f 3

@x2

@f 3

@x3

@f 3

@x4

@f 4

@x1

@f 4

@x2

@f 4

@x3

@f 4

@x4

2
6666666664

3
7777777775

ð2F0Þ

where, f i¼ _xi, i ¼ 1 to 4

Ba ¼

@f 1

@u1

@f 1

@u2

@f 2

@u1

@f 2

@u2

@f 3

@u1

@f 3

@u2

@f 4

@u1

@f 4

@u2

2
6666666664

3
7777777775

ð2G0Þ

Ca ¼ ½ 11�30� ð2H0Þ

After linearization of the system at equilibrium point,

the final forms of matrices Aa and Ba are as follows

Aa ¼

0 0 1 0

Að2;1Þ Að2;2Þ Að2;3Þ Að2;4Þ

0 0 �R
LC

0

0 0 0 �R
LC

2
6666664

3
7777775

ð2I0Þ

Ba ¼
1

LC

0 0

0 0

1 0

0 1

2
6664

3
7775 ð2J0Þ
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where

að2;1Þ ¼ � ðb þ ð2K2 x42 ðð2h ðDo� x1ÞÞ=pþ 1ÞÞ=ðDo� x1Þ3

þ ð2K2 x32 ðð2h ðDoþ x1ÞÞ=pþ 1ÞÞ=ðDoþ x1Þ3

� ð2K2 h x32Þ=ðp ðDoþ x1Þ2Þ

� ð2 K2 h x42Þ=ðp ðDo� x1Þ2ÞÞ=m

ð2K0Þ

að2;2Þ ¼ �ð2gaÞ=m ð2L0Þ

að2;3Þ ¼ ð2K2 x3ðð2h ðDoþ x1ÞÞ=pþ 1ÞÞ=ðm ðDoþ x1Þ2Þ
ð2M0Þ

að2;4Þ ¼ �ð2K2 x4ðð2h ðDo� x1ÞÞ=pþ 1ÞÞ=ðm ðDo� x1Þ2Þ
ð2N0Þ
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